Abstract. The paper is a complete study of paracontact metric manifolds for which the Reeb vector field of the underlying contact structure satisfies a nullity condition (the condition (1.2) below, for some real numbersκ andμ). This class of pseudo-Riemannian manifolds, which includes para-Sasakian manifolds, was recently defined in [13] . In this paper we show in fact that there is a kind of duality between those manifolds and contact metric (κ, µ)-spaces. In particular, we prove that, under some natural assumption, any such paracontact metric manifold admits a compatible contact metric (κ, µ)-structure (eventually Sasakian). Moreover, we prove that the nullity condition is invariant under Dhomothetic deformations and determines the whole curvature tensor field completely. Finally non-trivial examples in any dimension are presented and the many differences with the contact metric case, due to the non-positive definiteness of the metric, are discussed.
Introduction
A contact metric (κ, µ)-space is a contact Riemannian manifold (M, ϕ, ξ, η, g) such that the Reeb vector field ξ belongs to the so-called (κ, µ)-nullity distribution, i.e. the curvature tensor field satisfies the condition (1.1)
for some real numbers κ and µ, where 2h denotes the Lie derivative of ϕ in the direction of ξ. This new class of Riemannian manifolds was introduced in [5] as a natural generalization both of the Sasakian condition R XY ξ = η (Y ) X − η (X) Y and of those contact metric manifolds satisfying R XY ξ = 0 which were studied by D. E. Blair in [3] . Nowadays contact (κ, µ)-manifolds are considered a very important topic in contact Riemannian geometry. In fact in despite of the technical appearance of the definition, there are good reasons for studying (κ, µ)-spaces. The first is that, in the non-Sasakian case (that is for κ = 1), the condition (1.1) determines the curvature tensor field completely; next, (κ, µ)-spaces provide non-trivial examples of some remarkable classes of contact Riemannian manifolds, like CR-integrable contact metric manifolds ( [23] ), H-contact manifolds ( [22] ), harmonic contact metric manifolds ( [24] ), or contact Riemannian manifolds with η-parallel torsion tensor ( [17] ); moreover, a local classification is known ( [6] ). Recently, in [13] , an unexpected relationship between contact (κ, µ)-spaces and paracontact geometry was found. It was proved (cf. Theorem 2.6 below) that any (non-Sasakian) contact (κ, µ)-space carries a canonical paracontact metric structure (φ, ξ, η,g) whose Levi-Civita connection satisfies a condition formally similar to (1.1)
where 2h := L ξφ and, in this case,κ = (1 − µ/2) 2 + κ − 2,μ = 2. We recall that paracontact manifolds are smooth manifolds of dimension 2n + 1 endowed with a 1-form η, a vector field ξ and a field of endomorphisms of tangent spacesφ such that η(ξ) = 1,φ 2 = I − η ⊗ ξ andφ induces an almost paracomplex structure on the codimension 1 distribution defined by the kernel of η (see § 2 for more details). If, in addition, the manifold is endowed with a pseudo-Riemannian metric g of signature (n, n + 1) satisfying g(φX,φY ) = −g(X, Y ) + η(X)η(Y ), dη(X, Y ) =g(X,φY ), (M, η) becomes a contact manifold and (φ, ξ, η,g) is said to be a paracontact metric structure on M . The study of paracontact geometry was initiated by Kaneyuki and Williams in [18] and then it was continued by many other authors. Very recently a systematic study of paracontact metric manifolds, and some remarkable subclasses like para-Sasakian manifolds, was carried out by Zamkovoy ([25] ). The importance of paracontact geometry, and in particular of para-Sasakian geometry, has been pointed out especially in the last years by several papers highlighting the interplays with the theory of para-Kähler manifolds and its role in pseudo-Riemannian geometry and mathematical physics (cf. e.g. [1] , [2] , [16] , [14] , [15] ). These considerations motivate us to study the class of paracontact metric manifolds satisfying the nullity condition (1.2), for some constant real numbersκ andμ. We call these pseudo-Riemannian manifolds paracontact (κ,μ)-manifolds. As we will see the class of paracontact (κ,μ)-manifolds is very large. It contains para-Sasakian manifolds, as well as those paracontact metric manifolds satisfying R XY ξ = 0 for all X, Y ∈ Γ(T M ) (recently studied in [26] ). But, unlike in the contact Riemannian case, a paracontact (κ,μ)-manifold such thatκ = −1 in general is not para-Sasakian. There are in fact paracontact (κ,μ)-manifolds such thath 2 = 0 (which is equivalent to takeκ = −1) but withh = 0. Another important difference with the contact Riemannian case, due to the non-positive definiteness of the metric, is that while for contact metric (κ, µ)-spaces the constant κ can not be greater than 1, here we have no restrictions for the constantsκ andμ.
In § 3 we study the common properties for the casesκ < −1,κ = −1,κ > −1. We prove for instance that while the values ofκ andμ change, the form of (1.2) remains unchanged under D-homothetic deformations. Moreover we prove that any paracontact (κ,μ)-manifold is integrable (in the sense of [25] ), i.e. its canonical paracontact connection preservesφ, and we find some general properties of the curvature.
Since the geometric behavior of the manifold is very different according to the circumstance that κ < −1 orκ > −1, we study separately the two cases. In particular, in both cases we prove that the (κ,μ)-nullity condition (1.2) determines the whole curvature tensor field completely. In fact we are able to find an explicit formula for the curvature, depending on the tensorsφ,h,φh. It is interesting that the same formula holds both for the caseκ < −1 andκ > −1. Then we find the values ofκ andμ for which the pseudo-Riemannian metric in question is η-Einstein, i.e. Ric = aI + bη ⊗ ξ, for some a, b ∈ R and we prove that, unlike the contact metric case, ifκ < −1 there are Einstein paracontact (κ,μ)-metrics in dimension greater than 3.
In both casesκ < −1 andκ > −1 the geometry of the paracontact metric manifold can be related to the theory of Legendre foliations. Namely, ifκ > −1 then the operatorh is diagonalizable and the eigendistributions corresponding to the constant eigenvalues ±λ, whereλ = √ 1 +κ, define two mutually orthogonal and totally geodesic Legendre foliations. Whereas, ifκ < −1, the role before played byh is now played by the operatorφh. Such operator is diagonalizable with the same eigenvalues ash. The main difference with the previous case is that, while the eigendistributions corresponding to ±λ (where now λ = √ −1 −κ) still define two mutually orthogonal Legendre foliations, they are not totally geodesic but they are totally umbilical. Then, by using the theory of Legendre foliations, we prove that under some natural assumptions, a paracontact (κ,μ)-manifold carries a contact Riemannian structure compatible with the contact form η, which in turn satisfies a (κ, µ)-nullity condition, for some constant real numbers κ and µ depending onκ andμ. Therefore, in view of such a result and [13, Theorem 4.7] , it seems that there is a kind of duality between contact and paracontact structures satisfying nullity conditions. Furthermore, we find non-trivial examples of paracontact (κ,μ)-manifolds. We construct examples of left-invariant paracontact (κ,μ)-structures on Lie groups and, moreover, we show that the tangent sphere bundle of a Riemannian manifold of constant sectional curvature c carries two canonical paracontact (κ i ,μ i )-structures (φ i , ξ, η,g i ), i ∈ {1, 2}, (same η and ξ, where ξ is twice the geodesic flow), with
Hence, according to the value of c, we obtain examples of paracontact (κ,μ)-manifolds such thatκ < −1 andκ > −1. Also we prove that when the base manifold M is flat than the second structure provides an example of paracontact (κ,μ)-manifold such thatκ = −1 but which is not para-Sasakian. To the knowledge of the authors these are the first paracontact metric structures defined on the tangent sphere bundle. Many questions about paracontact (κ,μ)-manifolds remain open. Apart of the problem of finding other non-trivial examples, the case of strictly non-para-Sasakian paracontact (κ,μ)-manifolds withκ = −1 is worthy to be studied. In particular it should be important to find sufficient conditions for such manifolds in order to be para-Sasakian. Other natural questions are to provide a classification of such manifolds, at least in the 3-dimensional case, and to study further the unexpected interplays with contact Riemannian geometry which we have found in this paper.
Preliminaries
A differentiable manifold M of dimension 2n + 1 is said to be a contact manifold if it carries a global 1-form η such that η ∧ (dη) n = 0. It is well known that then there exists a unique vector field ξ (called the Reeb vector field ) such that i ξ η = 1 and i ξ dη = 0. The 2n-dimensional distribution transversal to the Reeb vector field defined by D := ker(η) is called the contact distribution. Any contact manifold (M, η) admits a Riemannian metric g and a (1, 1)-tensor field ϕ such that
for any vector field X and Y on M . The contact manifold (M, η) together with the geometric structure (ϕ, ξ, η, g) is then called contact metric manifold (or contact Riemannian manifold ). Let h be the operator defined by h = 1 2 L ξ ϕ, where L denotes Lie differentiation. The tensor field h vanishes identically if and only if the vector field ξ is Killing and in this case the contact metric manifold is said to be K-contact. It is well known that h and ϕh are symmetric operators, and
where trh denotes the trace of h. Since h anti-commutes with ϕ, if X is an eigenvector of h corresponding to the eigenvalue λ then ϕX is also an eigenvector of h corresponding to the eigenvalue −λ. Moreover, for any contact metric manifold M , the following relation holds
where ∇ is the Levi-Civita connection of (M, g). If a contact metric manifold M is normal, in the sense that the tensor field N ϕ := [ϕ, ϕ] + 2dη ⊗ ξ vanishes identically, then M is called a Sasakian manifold. Equivalently, a contact metric manifold is Sasakian if and only if R XY ξ = η(Y )X −η(X)Y . Any Sasakian manifold is K-contact and in dimension 3 the converse also holds (cf. [4] ).
As a natural generalization of the above Sasakian condition one can consider contact metric manifolds satisfying
for some real numbers κ and µ. 
The standard contact metric structure on the tangent sphere bundle T 1 M satisfies the (κ, µ)-nullity condition if and only if the base manifold M has constant curvature c. In this case κ = c(2 − c) and µ = −2c ( [5] ). Other examples can be found in [6] . Now we recall the notion of almost paracontact manifold (cf. [18] ). An (2n + 1)-dimensional smooth manifold M is said to have an almost paracontact structure if it admits a (1, 1)-tensor fieldφ, a vector field ξ and a 1-form η satisfying the following conditions:
ii) the tensor fieldφ induces an almost paracomplex structure on each fibre of D = ker(η), i.e. the ±1-eigendistributions, D ± := Dφ(±1) ofφ have equal dimension n.
From the definition it follows thatφξ = 0, η •φ = 0 and the endomorphismφ has rank 2n. When the tensor field Nφ := [φ,φ] − 2dη ⊗ ξ vanishes identically the almost paracontact manifold is said to be normal. If an almost paracontact manifold admits a pseudo-Riemannian metricg such that
for all X, Y ∈ Γ(T M ), then we say that (M,φ, ξ, η,g) is an almost paracontact metric manifold. Notice that any such a pseudo-Riemannian metric is necessarily of signature (n, n+1). For an almost paracontact metric manifold, there always exists an orthogonal basis {X 1 , . . . , X n , Y 1 , . . . , Y n , ξ} such thatg(X i , X j ) = δ ij ,g(Y i , Y j ) = −δ ij and Y i =φX i , for any i, j ∈ {1, . . . , n}. Such basis is called aφ-basis.
If in addition dη(X, Y ) =g(X,φY ) for all vector fields X, Y on M, (M,φ, ξ, η,g) is said to be a paracontact metric manifold. In a paracontact metric manifold one defines a symmetric, trace-free operatorh := 1 2 L ξφ . It is known ( [25] ) thath anti-commutes withφ and satisfieshξ = 0 and (2.6)∇ξ = −φ +φh, where∇ is the Levi-Civita connection of the pseudo-Riemannian manifold (M,g). Moreoverh ≡ 0 if and only if ξ is a Killing vector field and in this case (M,φ, ξ, η,g) is said to be a K-paracontact manifold. A normal paracontact metric manifold is called a para-Sasakian manifold. Also in this context the paraSasakian condition implies the K-paracontact condition and the converse holds only in dimension 3. Moreover, in any para-Sasakian manifold
holds, but unlike contact metric geometry the condition (2.7) not necessarily implies that the manifold is para-Sasakian.
In [25] , the author proved the following results, which will be used in next sections:
. On a paracontact metric manifold, the following identities hold:
whereΦ :=g(·,φ·) is the fundamental 2-form of the paracontact metric structure.
Moreover, in any paracontact metric manifold Zamkovoy introduced a canonical connection which plays the same role in paracontact geometry of the generalized Tanaka-Webster connection ( [23] ) in a contact metric manifold. 
Moreover∇ pc is given by
ξ. An almost paracontact structure (φ, ξ, η) is said to be integrable if Nφ(X, Y ) ∈ Γ(Rξ) whenever X, Y ∈ Γ(D). For paracontact metric structures, the integrability condition is equivalent to∇ pcφ = 0 ( [25] ).
As pointed out in [8] , paracontact geometry is strictly related to the theory of Legendre foliations. Recall that a Legendrian distribution on contact manifold (M, η) is an n-dimensional subbundle L of the contact distribution such that dη(X, X ′ ) = 0 for all X, Y ∈ Γ(L). When L is integrable, we speak of Legendrian foliation. Legendre foliations have been extensively investigated in recent years from various points of views. In particular Pang ([21] ) provided a classification of Legendrian foliations using a bilinear symmetric form Π F on tangent bundle of the foliation F , defined by 
2 X for all X ∈ Γ(T F ). Then we can extend Π F to a symmetric bilinear form on all T M by putting
An (almost) bi-Legendrian manifold (cf. [8] ) is by definition a contact manifold (M, η) endowed with two transversal Legendrian distributions (foliations) L 1 and
is then called an (almost) bi-Legendrian structure on the contact manifold (M, η). Any paracontact metric manifold (M,φ, ξ, η,g) carries a canonical almost bi-Legendrian structure given the eigendistributions D + and D − ofφ corresponding to the eingenvalues ±1. Conversely, every almost bi-Legendrian manifold admits a compatible paracontact metric structure ( [8] ). We notice also that the integrability in the sense of paracontact geometry, i.e. ∇ pcφ = 0, is equivalent to the involutiveness of the Legendre distributions D ± (cf. [8, Corollary 3.3] ). Any almost bi-Legendrian manifold admits a canonical connection, called bi-Legendrian connection, which plays an important role in the study of almost bi-Legendrian manifolds:
where X L1 and X L2 denote, respectively, the projections of X onto the subbundles L 1 and
By using the properties of the bi-Legendrian connection one can point out the relationship between contact metric (κ, µ)-spaces and the theory of Legendre foliations. Namely, we have the following characterization. On the other hand contact (κ, µ)-manifolds are also related to paracontact geometry, as shown by the following result which is one of the motivations for the present paper.
Furthermore the curvature tensor field of the Levi-Civita connection of (M,g) satisfies a (κ,μ)-nullity condition
3. Preliminary results on paracontact (κ,μ)-manifolds Theorem 2.6 motivates the following definition.
Definition 3.1 ([13]).
A paracontact metric (κ,μ)-manifold is a paracontact metric manifold for which the curvature tensor field satisfies
for all vector fields X, Y on M and for some real constantsκ andμ.
In this section, we discuss some properties of paracontact metric manifolds satisfying the condition (3.1). We start with some preliminary properties.
Lemma 3.2. Let (M,φ, ξ, η,g) be a paracontact metric (κ,μ)-manifold of dimension 2n + 1. Then the following identities hold:h
for any vector fields X, Y on M , whereQ denotes the Ricci operator of (M,g).
Proof. (3.2) was proved in [13] . Next, let {e i ,φe i , ξ}, i ∈ {1, . . . , n}, be aφ-basis of M . Then the definition of the Ricci operator directly gives (3.3). For (3.4), notice that using (3.1) one can easily show that
By virtue of (3.7), the equation (2.11) reduces to
By replacing X byhX in that equation and using (3.2), we get
Hence (3.4) holds. Next, using (3.4) and the symmetry ofh, we obtain
Comparing this equation with (3.1), we obtaiñ
Using (2.6) and the symmetry ofh and∇ Zh , by a direct computation we have
By applying nowφ to (3.9) and using (3.10), we obtain (3.5). Finally, (3.6) follows from (3.5) by using the properties ofh.
By (3.4) we get the following corollary Remarkable subclasses of paracontact (κ,μ)-manifolds are given, in view of (2.7), by para-Sasakian manifolds, and by those paracontact metric manifolds such thatR XY ξ = 0 for all vector fields X, Y on M . In this last case it was proved ( [26] ) that in dimension greater than 3 the paracontact metric manifold (M 2n+1 ,φ, ξ, η,g) is locally isometric to a product of a flat (n + 1)-dimensional manifold and an n-dimensional manifold of negative constant curvature −4. Notice that, because of (3.2), a paracontact (κ,μ)-manifold such thatκ = −1 satisfiesh 2 = 0. Unlike the contact metric case, since the metricg is pseudo-Riemannian we can not conclude thath vanishes and so the manifold is para-Sasakian. Let us see an explicit counterexample.
The canonical example of paracontact (κ,μ)-manifold is given by the tangent sphere bundle T 1 M of a Riemannian manifold (M, g) of constant sectional curvature c. The paracontact metric structure is defined in the following way. Let us consider the standard contact metric structure (ϕ, ξ, η, g) of T 1 M , which is in fact a (c(2 − c), −2c)-structure (cf. [4] ). Let us definẽ
Then one can easily check that (φ 1 , η, ξ,g 1 ) and (φ 2 , η, ξ,g 2 ) define two paracontact metric structures on T 1 M . Thus by Theorem 5.9 of [11] we have that (φ 1 , η, ξ,g 1 ) is a paracontact (κ 1 ,μ 1 )-structure and (φ 2 , η, ξ,g 2 ) a paracontact (κ 2 ,μ 2 )-structure, wherẽ
Hence we can state the following theorem. Consequently, if the base manifold is flat, (φ 2 , ξ, η,g 2 ) is a paracontact (−1, 2)-structure on T 1 M such thath 2 2 = 0, but which is not para-Sasakian becauseh 2 does not vanish. Indeed, according to (3.12) and [13, Lemma 4.5] , one has that
Given a paracontact metric structure (φ, ξ, η,g) and α > 0, the change of structure tensors
One can easily check that the new structure (φ,ξ,η,ḡ) is still a paracontact metric structure ( [25] ). We now show that while D α -homothetic deformations destroy conditions likeR XY ξ = 0, they preserve the class of paracontact (κ,μ)-spaces. 
Furthermore,
Proof. Using (3.13) and the Koszul formula we obtain, for any X, Y, Z ∈ Γ(T M ),
Moreover we have
Then (3.14) easily follows from (3.16), (3.17) , (3.18) and (3.19) . Finally, by using (3.14) and the definition ofh we get (3.15).
After a long but straightforward calculation one can prove the following proposition.
Proposition 3.6. Under the same assumptions of Proposition 3.5, the curvature tensor fieldsR andR are related by
We pass to discuss some general curvature properties of paracontact (κ,μ)-manifolds. We start with the following preliminary result.
) be an integrable paracontact metric manifold. Then the following identity holds
wherel denotes the Jacobi operator, defined bylX =R Xξ ξ.
Using the integrabilty condition∇ pcφ = 0, the properties ofh and (3.23) we have
Sinceh is a symmetric operator we easily get
Using the formulas (2.6),hξ = 0 andφh +hφ = 0 in (3.25) we find
Applyingφ to (3.24) and usingφ 2 = I − η ⊗ ξ and (3.26) we obtain
Now we suppose that P is a fixed point of M and X, Y, Z are vector fields such that (∇X) P = (∇Y ) P = (∇Z) P = 0. The Ricci identity forφ
at the point P , reduces to the form
By virtue of the integrabilty condition we have, at P ,
Using (3.27) in (3.29) we find
Using (2.5) and the curvature tensor properties we get
Then by (2.5) and (3.30) we get by a straightforward calculatioñ
Replacing in (3.30) X, Y byφX,φY respectively, and taking the inner product withφW , we get
Comparing (3.31) to (3.32) we get by direct computatioñ
On the other hand, putting Y = Z =φe i in (3.33), we get
Using the definition of the Ricci operator, (3.34) and (3.35) it is not hard to prove that
Finally, applyingφ to (3.36) and usingφ 2 = I − η ⊗ ξ, we obtain the assertion.
Proof. Using (2.16) andφh +hφ = 0 we getlφ −φl = 2μhφ. On the other hand, by virtue of (3.3) one can easily prove that both η ⊗φQ and (η •Qφ) ⊗ ξ vanish. Thus (3.37) follows from (3.22) .
Recall that ( [11] ) an almost bi-paracontact structure on a contact manifold (M, η) is a triplet (φ 1 , φ 2 , φ 3 ) where φ 3 is an almost contact structure compatible with the contact form η, and φ 1 , φ 2 are two anticommuting tensors on M such that φ Now we prove that any paracontact (κ,μ)-manifold withκ = −1 is canonically endowed with an almost bi-paracontact structure.
in the caseκ > −1, and
Proof. The proof follows by direct computations, using (3.2) and the propertyφh = −hφ. 
in the caseκ > −1, and 
Proof. The first part of the statement follows from Proposition 3.9, sinceh =λφ 2 and Dh(±λ) = D ± 2 . We prove that Dh(λ) and Dh(−λ) are mutually orthogonal. Indeed, for any X ∈ Γ(Dh(λ)) and Y ∈ Γ(Dh(−λ)) we haveλg(X, Y ) =g(hX, Y ) =g(X,hY ) = −λg(X, Y ), from which, sinceλ = 0, we getg(X, Y ) = 0. Moreover, asφh = −hφ one has that ifhX =λX thenhφX = −λφX, so that ϕDh(±λ) = Dh(∓λ). The case κ < −1 can be proved in a similar manner. Finally, (3.40) and (3.41) follow from [11, Proposition 3.3] and the last part is a direct consequence of [11, Proposition 3.2] .
Thus paracontact (κ,μ)-manifolds can be divided into three main classes, according to the circumstance thatκ is less, equal or greater than −1. According to (3.21) , one can see that these three classes are preserved by D-homothetic deformations. Notice that the canonical paracontact metric structure (φ 1 , ξ, η,g 1 ) on the tangent sphere bundle T 1 M of a manifold of constant curvature c (cf. Theorem 3.4) always satisfiesκ 1 > −1. Whereas for the other one, (φ 2 , ξ, η,g 2 ), we have thatκ 2 is less, equal or greater than −1 if and only if, respectively, c is less, equal or greater than 0. Thus T 1 M provides examples for all the above three classes of paracontact (κ,μ)-manifolds.
In the sequel, unless otherwise stated, we will always assume the index of Dh(±λ) (in the caseκ > −1) and of Dφh(±λ) (in the caseκ < −1) to be constant.
Beingh (in the caseκ > −1) orφh (in the caseκ < −1) diagonalizable, one can easily prove the following lemma.
Lemma 3.11. Let (M,φ, ξ, η,g) be a paracontact metric (κ,μ)-manifold such thatκ = −1. Ifκ > −1 (respectively,κ < −1), then there exists a local orthogonalφ-basis {X 1 , . . . , X n , Y 1 , . . . , Y n , ξ} of eigenvectors ofh (respectively,φh) such that X 1 , . . . , X n ∈ Γ(Dh(λ)) (respectively, Γ(Dφh(λ))), Y 1 , . . . , Y n ∈ Γ(Dh(−λ)) (respectively, Γ(Dφh(−λ))), and
where r = index(Dh(−λ)) (respectively, r = index(Dφh(−λ))) and s = n−r = index(Dh(λ)) (respectively, s = index(Dφh(λ))).
As pointed out in [8] , there is a strict relationship between paracontact metric geometry and the theory of Legendre foliations. Thus it is interesting to investigate on the properties of the bi-Legendrian structure (D + , D − ) canonically associated to a paracontact (κ,μ)-manifold. In the next proposition we prove that it is non-degenerate and we find necessary and sufficient conditions for being positive or negative definite. Proof. We consider the caseκ > −1, the proof for the caseκ < −1 being analogous. First notice that the Pang invariants associated to the Legendre foliations D + and D − are given by
Indeed, for any X ∈ Γ(D + ) and for any
Analogously one proves the other equality. Now let {X i , Y i =φX i , ξ}, i ∈ {1, . . . , n}, be aφ-basis of eigenvectors ofh as in Lemma 3.11. Notice that 
where the sign ± depends on the fact that index(Dh(λ)) = 0 or index(Dh(λ)) = n, respectively. On the other hand as before, by (3.44) it is sufficient to evaluate Π D − on the vector fields of the form
according to the circumstance that index(Dh(λ)) = 0 or index(Dh(λ)) = n, respectively. Conversely, if Π D − is positive definite then there exists a local basis of
. Thus index(Dh(λ)) = 0. The other case is analogous. 
where α, β are real numbers such that α 2 − β 2 = 0. Let G be a Lie group whose Lie algebra is g. Define on G a left invariant paracontact metric structure (φ, ξ, η,g) by imposing that, at the identity, g(e 1 , e 1 ) = −1,g(e 2 , e 2 ) = −1,g(e 3 , e 3 ) = 1,g(e 4 , e 4 ) = 1,g(e 5 , e 5 ) = 1,g(e i , e j ) = 0 (i = j) andφe 1 = e 3 ,φe 2 = e 4 ,φe 3 = e 1 ,φe 4 = e 2 ,φe 5 = 0, ξ = e 5 and η =g(·, e 5 ). Notice thathe 1 =λe 1 , he 2 =λe 2 ,hϕe 1 = −λφe 1 ,hφe 2 = −λφe 2 ,hξ = 0. Now let∇ be the Levi-Civita connection of the pseudo-Riemannian metricg andR be the curvature tensor ofg. Using the Koszul formula, we get
∇ e1 e 1 = 0,∇ e1 e 2 = 0,∇ e1φ e 1 = −(λ − 1)ξ,∇ e1φ e 2 = 0,
∇φ e1 e 1 = βe 2 − (1 +λ)ξ,∇φ e1 e 2 = −βe 1 ,∇φ e1φ e 1 = βφe 2 ,∇φ e1φ e 2 = −βφe 1 , ∇φ e2 e 1 = 0,∇φ e2 e 2 = −(1 +λ)ξ,∇φ e2φ e 1 = 0,∇φ e2φ e 2 = 0,
From the above relations it can be easily proved checked that G is a paracontact (κ,μ)-manifold.
Paracontact (κ,μ)-manifolds withκ > −1
In this section we deal with paracontact (κ,μ)-manifolds such thatκ > −1. In this case, according to Corollary 3.10,h is diagonalizable with eigenvectors 0, ±λ, whereλ := √ 1 +κ. Our first result concerns some remarkable properties of the distributions defined by the eigenspaces ofh. Proof. Replacing Y withφY in (3.5), we get
for any X, Y ∈ Γ(T M ). Then, for any X, Y, Z ∈ Γ(D) we haveg((∇ Xh )φY ) − (∇φ Yh )X), Z) = 0, which is equivalent to
Now taking X, Y, Z ∈ Γ(Dh(λ)) in (4.1) it follows that −2λg(∇ Xφ Y, Z) = 0. Since we are assuming λ = 0, we get 0 =g(∇ Xφ Y, Z) = X(g(φY, Z)) −g(φY,∇ X Z) = −g(∇ X Z,φY ). Thus∇ X Z is orthogonal to Dh(−λ). On the other hand,g(∇ X Z, ξ) = X(g(Z, ξ)) −g(Z,∇ X ξ) = −g(Z,φX) −λg(Z,φX) = 0, so we conclude that∇ X Z ∈ Γ(Dh(λ)). Analogously, if X, Z ∈ Γ(Dh(−λ)) then∇ X Z ∈ Γ(Dh(λ)). Hence Dh(λ) and Dh(−λ) are totally geodesic. Next, if X ∈ Γ(Dh(λ)) and Y ∈ Γ(Dh(−λ)) then for all Z ∈ Γ(Dh(λ)) one hasg(
. In a similar manner one can prove that∇ Y X has no components along Dh(−λ). In particular, the total geodesicity of Dh(λ) and Dh(−λ) implies that they are involutive distributions. Moreover they are also n-dimensional because of [11, Proposition 3.2]. Hence they define two Legendre foliations on M .
The geometry of a Legendre foliations is mainly described by its Pang invariant (2.13). Thus we find the explicit expression of the Pang invariants of the Legendre foliations Dh(λ) and Dh(−λ).

Theorem 4.2. The Pang invariants of the Legendre foliations Dh(λ) and Dh(−λ) are given by
Proof. Let X be a section of Dh(λ). Then by (2.16) we have (4.4)R Xξ ξ =κX +μhX.
On the other hand, Therefore for any X, X ′ ∈ Γ(Dh(λ))
The proof of (4.3) is similar. 
Proof. Because of Theorem 4.1 we have that
for any X, Y ∈ Γ(Dh(λ)) or X, Y ∈ Γ(Dh(−λ)). Now suppose that X ∈ Γ(Dh(λ)) and Y ∈ Γ(Dh(−λ)). Let {X 1 , . . . , X n ,φX 1 , . . . ,φX n , ξ} be aφ-basis as in Lemma 3.11. Then according to (3.42) we havẽ
Thus for any X ∈ Γ(Dh(λ)) and Y ∈ Γ(Dh(−λ)) one has , after a straightforward computation we get
2g (X,φY ). Therefore (4.6) follows.
We recall the following general result. 
Theorem 4.4 ([10]). Let (M, η) be a contact manifold endowed with a bi-Legendrian structure
, where
Notice that in the proof of Theorem 4.4 the assumptions (I), (II) or (III) are used for constructing the compatible metric structure, whereas the hypothesis ∇ bl Π F1 = ∇ bl Π F2 = 0 is necessary only for proving that such contact metric structure satisfies a nullity condition. Now we prove one of the main results of the section, which puts in relation the theory of paracontact (κ,μ)-manifolds with contact Riemannian geometry. 
Consequently 2hΛ D − X = −X. Applyingh and using (3.2) we easily get (4.13)
for any X, X ′ ∈ Γ(D + ). Arguing in a similar manner one finds that Proof. It is sufficient to take a = b = ±2(1 +κ) in Theorem 4.5, since in the proof of Theorem 4.4 (cf. [10] ) it is shown that if a = b then h a,b = 0 and so the contact metric structure is K-contact.
Actually, we now prove that one can define a distinguished contact metric structure on any positive or negative definite paracontact (κ,μ)-space such thatκ > −1.
Theorem 4.7. Any positive or negative definite paracontact metric (κ,μ)-manifold such thatκ > −1 carries a canonical contact Riemannian structure (φ, ξ, η, g) given by (4.17) φ
where the sign ∓ depends on the positive or negative definiteness of the paracontact (κ,μ)-manifold. Moreover, ifμ = 2 then (φ, ξ, η, g) is Sasakian, whereas ifμ = 2 then (φ, ξ, η, g) is a non-Sasakian contact metric (κ, µ)-structure, where
the sign ∓ depending, respectively, on the positive or negative definiteness of the paracontact metric structure (φ, ξ, η,g).
Proof. Let us define a (1, 1)-tensor field φ and a tensor g of type (0, 2) by (4.17) . First of all, using (3.2), one can easily prove that φ 2 = −I + η ⊗ ξ. Next we prove that g is a Riemannian metric. By using the symmetry of the operatorh with respect tog, one has, for any X, Y ∈ Γ(T M ),
so that g is symmetric. In order to prove that it is also positive definite, let us consider aφ-basis {X 1 , . . . , X n , Y 1 , . . . , Y n , ξ} as in Lemma 3.11. Then we have that g(ξ, ξ)
Finally one can straightforwardly check that g(φX, φY ) = g(X, Y ) − η(X)η(Y ) and g(X, φY ) = dη(X, Y ). Thus (φ, ξ, η, g) is a contact Riemannian structure. We prove the second part of the theorem. Let us compute the operator h associated to the contact metric structure (φ, ξ, η, g). We have
On the other hand, by using (3.6), we have, for any X ∈ Γ(T M ),
Thus (4.20) becomes
We distinguish the casesμ = 2 andμ = 2. In the first case by (4.21) we see that h is diagonalizable, it admits the eigenvalues 0, ±λ, where
and the same eigendistributions ash. We prove that the Legendre foliations D h (λ), D h (−λ) and the corresponding bi-Legendrian connection∇ bl satisfy the conditions stated in Theorem 2.5, so concluding that (φ, ξ, η, g) is a contact metric (κ, µ)-structure. First of all, notice that D h (λ) and D h (−λ) are mutually g-orthogonal. Indeed by using (4.19) one has, for any X ∈ Γ(D h (λ)) and
(X,hY ) = ∓g(X, Y ) = 0, since the eigendistributions ofh areg-orthogonal (Corollary 3.10). Next, by definition of bi-Legendrian connection, also the conditions (i), (iii) and∇ bl η =∇ bl dη = 0 of Theorem 2.5 are satisfied. Moreover,∇ bl h = 0 because∇ bl preserves D h (λ) and D h (−λ). Thus it remains to prove that∇ bl g = 0 and∇ bl φ = 0. Let us recall ( [7] ) that, by definition,
and, analogously, using theg-orthogonality and totally geodesicity of
and, by similar computations, for any
, where we used again the total geodesicity of Dh(±λ). Since, by definition,∇ bl ξ = 0, we conclude that ∇ blg = 0. Thus by (4.19) and (4.21) we have, for all X, Y, Z ∈ Γ(T M ),
On the other hand, from∇ bl g = 0,∇ bl dη = 0 and the relation dη = g(·, φ·) it easily follows that the bi-Legendrian connection∇ bl preserves also the tensor field φ. Therefore, according to Theorem 2.5, (φ, ξ, η, g) is a contact metric (κ, µ)-structure. In order to find the explicit expression of the constants κ and µ, notice that, by (4.22) , √ 1 − κ = 1 −μ 2 , from which it follows that (4.23)
In order to findμ, notice that since the bi-Legendrian structures (Dh(−λ), Dh(λ)) and (D h (−λ), D h (λ)) coincide, also the corresponding Pang invariants must be equal. More precisely, by (4.21) one can find that
where the sign ± depends on the positive or negative definiteness of the paracontact (κ,μ)-manifold (M,φ, ξ, η,g). Let us assume that (M,φ, ξ, η,g) is positive definite and thatμ > 2. Then, by using (4.24)-(4.25) and by comparing [10, (11) ] with (4.2) we get
for any X, X ′ ∈ Γ(Dh(λ)). By (4.19) and (4.23), (4.26) becomes
It follows that
If we assumeμ < 2 we use [10, (12)] and we get
and, as |λ| = 1 −μ 2 , so we obtain again (4.27). The case when (M,φ, ξ, η,g) is negative definite is similar and one can prove that (4.28) µ = 2 1 + √ 1 +κ . Now let us assume thatμ = 2. Then (4.21) implies that the operator h vanishes, so that the contact metric structure (φ, ξ, η, g) is K-contact. In particular one has
are Legendre foliations, the canonical almost bi-paracontact structure (3.38) is integrable. Thus by [11, Corollary 3.9] we deduce that N φ (X, Y ) = 0 for all X, Y ∈ Γ(D). Consequently the tensor field N φ vanishes identically and (M, φ, ξ, η, g) is a Sasakian manifold. . Explicitly, the contact Riemannian structure is defined as follows φe 1 = e 3 , φe 2 = e 4 , φe 3 = −e 1 , φe 4 = −e 2 , φe 5 = 0, g(e i , e j ) = δ ij for any i, j ∈ {1, . . . , 5} .
In order to understand where such a contact metric (κ, µ)-structure on the Lie group G stays in the Boeckx's classification, let us compute the value of the Boeckx invariant I G ( [6] ). An easy computation shows that
Then one can straightforwardly check that I G < −1 provided that α, β = 0, and I G = −1 if α = 0 (β = 0) or α = 0 (β = 0). Hence the contact Riemannian manifold (G, φ, ξ, η, g) is locally isometric to one among the contact Riemannian Lie groups described in §4 of [6] , namely that one whose Lie algebra has the same constant structures as (3.45)-(3.48).
Remark 4.9. Let (M, φ, ξ, η, g) be a (non-Sasakian) contact metric (κ ′ , µ ′ )-space. Then by applying the procedure described in [13] one obtains a paracontact (κ,μ)-structure (φ, ξ, η,g) on M , being
Since the bi-Legendrian structure (D 
is in fact a Sasakian structure. Hence we have proved that any non-Sasakian contact metric (κ, µ)-manifold such that |I M | > 1 admits a Sasakian metric compatible with the same underlying contact form η. The same result was proved using different techniques in [10] . Now we pass to study some important curvature properties. 
Proof. The Ricci identity forh is (4.6) and the facts thath anti-commutes withφ and∇ Xφ is antisymmetric, we get by direct calculation
So, using also (4.6) and (3.5), equation (4.30) yields
Using now (3.4), (4.6) andhξ = 0, we get
Therefore, by using (3.4) again, (4.31) reduces to (4.29).
Theorem 4.11. Let (M,φ, ξ, η,g) be a paracontact (κ,μ)-manifold such thatκ > −1. Then we have, for any X, X ′ , X ′′ ∈ Dh(λ) and Y, Y ′ , Y ′′ ∈ Dh(−λ),
Proof. We start by proving (4.33). We can choose a local orthogonalφ-basis {e i ,φe i , ξ}, i ∈ {1, . . . , n}, as in Lemma 3.11. Then we havẽ
Notice that, because of (3.1),g(R XX ′ Y, ξ) = −g(R XX ′ ξ, Y ) = 0. Moreover, due to Theorem 4.1, also the termsg(R XX ′ Y, e i ) in (4.38) vanish. On the other hand, if X ∈ Γ(Dh(λ)) and Y, Z ∈ Γ(Dh(−λ)), then applying (4.29) we get
and, taking the inner product with W ∈ Γ(Dh(λ)), we get (4.39)g(R XY Z, W ) =κg(X,φZ)g(φY, W ) −μg(X,φY )g(φZ, W ) for any X, W ∈ Γ(Dh(λ)) and Y, Z ∈ Γ(Dh(−λ)). Therefore, using (4.38), (4.39) and the first Bianchi identity we find
Thus (4.33) is proved. Now let us prove (4.35). We havẽ
Arguing as before we have thatg(R XY Y ′ , ξ) =g(R XY Y ′ , e i ) = 0 for each i ∈ {1, . . . , n}. On the other hand, if X ∈ Γ(Dh(λ)) and Y, Z ∈ Γ(Dh(−λ)), then applying (4.29) we get
and, taking the inner product with W ∈ Γ(Dh(λ)), we have (4.41)g(R XY Z, W ) =κg(X,φZ)g(φY, W ) −μg(X,φY )g(φZ, W ) for any X, W ∈ Γ(Dh(λ)) and Y, Z ∈ Γ(Dh(−λ)). Using (4.40), (4.41) and the first Bianchi identity we getR
Finally, we show (4.32). By using (3.30) one obtains
Then by applyingφ to (4.42) we get
So that, by using (4.33), one has
The proofs of remaining cases are similar.
Using Theorem 4.11 one can easily prove the following corollaries.
Corollary 4.12. Let (M,φ, ξ, η,g) be a paracontact metric (κ,μ)-manifold such thatκ > −1. Then its Riemannian curvature tensorR is given by following formula
for all vector fields X, Y , Z, W on M .
Proof. We can decompose an arbitrary vector field X on M uniquely as X = Xλ + X −λ + η(X)ξ, where Xλ ∈ Γ(Dh(λ)) and X −λ ∈ Γ(Dh(−λ)). We then writeR XY Z as a sum of terms of the form R X ±λ Y±λ Z ±λ ,R XY ξ,R Xξ Z. Then by Theorem 4.11 and (3.7), and taking into account that, in fact
we obtain (4.43).
Moreover, the sectional curvature of plane sections normal to ξ is given by
Corollary 4.14. In any (2n+1)-dimensional paracontact (κ,μ)-manifold (M,φ, ξ, η,g) such thatκ > −1, the Ricci operatorQ is given by
In particular, (M,g) is η-Einstein if and only ifμ = 2(1 − n), Einstein if and only ifκ =μ = 0 and n = 1 (in this case the manifold is Ricci-flat).
In particular it follows that in dimension 3 any paracontact (κ, 0)-manifold withκ > −1 is η-Einstein. Notice that, in dimension greater than 3 no paracontact (κ,μ)-manifold such thatκ > −1 can be Einstein, since one would findκ = 1−n 2 n and only for n = 1 one has thatκ > −1.
5. Paracontact (κ,μ)-manifolds withκ < −1
In this section we deal with paracontact (κ,μ)-manifolds such thatκ < −1. In this case, as stated in Corollary 3.10,φh is diagonalizable with eigenvectors 0, ±λ, whereλ := √ −1 −κ. As for the casẽ κ > −1 we start by proving that the distributions defined by the eigenspaces ofφh define two mutually orthogonal Legendre foliations. The main difference with the caseκ > −1 and, more in general, with the theory of contact metric (κ, µ)-spaces, is that they are not totally geodesic, but they are totally umbilical. Proof. From (3.4), (3.5), (3.8) we get the formula
which holds for any paracontact (κ,μ)-manifold. From (5.2) it follows that, for any
, we have that Dφh(λ) defines a foliation on M . Moreover, dim(Dφh(λ)) = n due to [11, Proposition 3.2] . Hence, being an n-dimensional integrable subbundle of the contact distribution, Dφh(λ) is a Legendre foliation of M . Similar arguments work also for Dφh(−λ). In order to complete the proof, let us consider X ∈ Γ(Dφh(λ)) and Y ∈ Γ(Dφh(−λ)). Then, for any
In the same way one proves that ∇ Y X ∈ Γ(Dφh(λ) ⊕ Rξ). Finally we prove that the leaves of D ϕh (λ) and D ϕh (−λ) are totally umbilical. Since for any X,
is a section of Rξ, where B denotes the second fundamental form. Actually B(X, X ′ ) = −λg(X, X ′ )ξ. Indeed by using (2.6) one has
Then the mean curvature vector field is given by H = −λξ. Hence B(X, X ′ ) = Hg(X, X ′ ). The proof for the other foliation is similar.
Remark 5.2. Notice that the foliations Dφh(λ) and Dφh(−λ) are not totally geodesic. In fact a straightforward computation shows that, for all X, Y ∈ Γ(Dφh(±λ)),g(∇ X Y, ξ) = −λg(X,φY ), in general different from zero. Now we find the explicit expressions of the Pang invariants of the Legendre foliations Dφh(λ) and Dφh(−λ). The proof is similar to that of Theorem 4.2 hence we omit it. 
Proof. Let {X 1 , . . . , X n , Y 1 , . . . , Y n , ξ} be aφ-basis as in Lemma 3.11. By using Theorem 5.1 we have, for any X, Y ∈ Γ(Dφh(λ)),
Now, let us consider X ∈ Γ(Dφh(λ)) and Y ∈ Γ(Dφh(−λ)). Arguing as in the previous case, one finds
Finally, for any X, Y ∈ Γ(Dφh(−λ)) one has
Then (5.5) follows from (3.6), (5.6), (5.7) and (5.8).
Corollary 5.5. In any paracontact (κ,μ)-manifold such thatκ = −1 one has
Proof. Ifκ > −1, (5.9) is just (4.6) and there is nothing to prove. Next, ifκ < −1, as (∇ Xh )Y = (∇ Xφ )φhY +φ(∇ Xφh )Y , the assertion follows directly from (3.4) and (5.5).
Even if the Legendre foliations Dφh(±λ) are not totally geodesic and thus many properties are missing compared to the caseκ > −1, also in this case we can find an interesting relationship with contact Riemannian structures. We have in fact the following result.
Theorem 5.6. Any positive or negative definite paracontact (κ,μ)-manifold such thatκ < −1 carries a canonical contact Riemannian structure (φ, ξ, η, g) given by
where the sign ± depends on the positive or negative definiteness of the paracontact (κ,μ)-manifold. Moreover, (φ, ξ, η, g) is a contact metric (κ, µ)-structure, where
Proof. Let us define a (1, 1)-tensor field φ and a tensor g of type (0, 2) by (5.10). First of all, using (3.2), one can easily prove that φ 2 = −I + η ⊗ ξ. Next we prove that g is a Riemannian metric. By using the symmetry of the operatorφh with respect tog, one has, for any X, Y ∈ Γ(T M ),
so that g is symmetric. In order to prove that it is also positive definite, let us consider aφ-basis {X 1 , . . . , X n , Y 1 , . . . , Y n , ξ} as in Lemma 3.11. Then we have that g(ξ, ξ) = 1,g(X i , X i ) = ∓ where the sign ± depends on the positive or negative definiteness of the paracontact (κ,μ)-manifold (M,φ, ξ, η,g). Thus comparing (5.13) with (5.16) we obtain µ = 2 both in the positive and in the negative definite case.
Remark 5.7. Notice that, sinceκ < −1, in this case we can not perform a construction analogous to that one described in Remark 4.9.
We now pass to study the curvature properties of a paracontact (κ,μ)-manifold withκ < −1. We start observing that (4.29) holds also in the caseκ < −1 since its proof only needs the expression of the covariant derivative ofh, which is the same in the casesκ < −1 andκ > −1 (cf. (4.6) and (5.9)). Moreover, by combining (3.29) with (5.9) we get We can prove now that also in the caseκ < −1 the (κ,μ)-nullity condition determines the curvature tensor field completely. Taking the inner product with any U ∈ Γ(Dφh(λ)) and using the symmetry of the operatorφh, we have 2λg(R XX ′ Y, U ) =g(X ′ ,λhY + (1 +κ)φY )g(X, U ) −g(X,λhY + (1 +κ)φY )g(X ′ , U ). Arguing in a similar way one can prove that (5.26)g(R XY X ′ , V ) =g(X ′ ,φY )g(X,φV ) + (1 +κ)g(X, X ′ )g(Y, V ) +μg(X,φY )g(X ′ ,φV ) computation shows that ∇ e1 ξ = αβe 1 −φe 1 ,∇ e2 ξ = αβe 2 −φe 2 ,∇φ e1 ξ = −e 1 − αβφe 1 ,∇φ e2 ξ = −e 2 − αβφe 2 ,
∇ ξ e 1 = −αβe 2 −φe 1 ,∇ ξ e 2 = −αβe 1 −φe 2 ,∇ ξφ e 1 = −e 1 − αβφe 2 ,∇ ξφ e 2 = −e 2 − αβφe 1 , ∇ e1 e 1 = αe 2 − αβe 5 ,∇ e1 e 2 = αe 1 ,∇ e1φ e 1 = αφe 2 − e 5 ,∇ e1φ e 2 = αφe 1 ,
∇ e2 e 1 = −αe 2 ,∇ e2 e 2 = −αe 1 + αβe 5 ,∇ e2φ e 1 = −αφe 2 ,∇ e2φ e 2 = −αφe 1 + e 5 ,
∇φ e1 e 1 = −βe 2 + e 5 ,∇φ e1 e 2 = −βe 1 ,∇φ e1φ e 1 = −βφe 2 − αβe 5 ,∇φ e1φ e 2 = −βφe 1 , ∇φ e2 e 1 = −βe 2 ,∇φ e2 e 2 = −βe 1 − e 5 ,∇φ e2φ e 1 = −βφe 2 ,∇φ e2φ e 2 = −βφe 1 + αβe 5 . whereλ = αβ andμ = 2. Then one can prove that the curvature tensor field of the Levi-Civita connection of (G,g) satisfies the (κ,μ)-nullity condition (3.1), withκ = −1 − (αβ) 2 andμ = 2.
